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IDENTITIES OF SYMMETRY FOR HIGHER-ORDER GENERALIZED
q−EULER POLYNOMIALS
D. V. DOLGY, D. S. KIM, T. G. KIM, J. J. SEO
Abstract. In this paper, we investigate the properties of symmetry in two variables
related to multiple Euler q − l−function which interpolates higher-order q−Euler poly-
nomials at negative integers. From our investigation, we can derive many interesting
identities of symmetry in two variables related to generalized higher-order q−Euler poly-
nomials and alternating generalized q−power sums.
1. Introduction
Let χ be a Dirichlet character with d ∈ N with conductor d ≡ 1(mod2). Then the gener-
alized Euler polynomials attached to χ are defined by the generating function to be
2
d−1∑
a=0
χ(a)(−1)ae(a+x)t
edt + 1
=
∞∑
n=0
En,χ(x)
tn
n!
, (see [4], [9], [19]). (1.1)
The generalized Euler polynomials of order r ∈ N attached to χ are also defined by the
generating function to be
(
2
d−1∑
a=0
χ(a)(−1)ae(a+x)t
edt + 1
)r
=
∞∑
n=0
E(r)n,χ(x)
tn
n!
. (1.2)
When x = 0, E
(r)
n,χ = E
(r)
nχ (0) are called the generalized Euler numbers attached to χ, (see
[9], [13]).
Assume that q ∈ C with |q| < 1 and define q−numbers by
[x]q =
1− qx
1− q
, (see [8]-[21]). (1.3)
Note the limq→1[x]q = x.
In[12] and [13], Kim for the first time considered various q-extensions (or (h, q)−extensions)
of Euler numbers and polynomials and constructed analytic continuations which interpo-
late his q−numbers and polynomials. Until recently, many authors have studied q−Euler or
(h, q)−Euler polynomials due to him, (see [1]-[21]). In [13], Kim defined the (h, q)−extension
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of generalized higher-order Euler polynomials attached to χ which is given by the generating
function to be
F (h,r)q,χ (t, x) = [2]
r
q
∞∑
m1,···,mr=0
q
∑r
j=1
(h−j+1)mj (−1)
∑r
j=1
mj

 r∏
j=1
χ(mj)

 e[x+∑rl=1 ml]qt
=
∞∑
n=0
E(h,r)n,χ,q(x)
tn
n!
,
(1.4)
where h ∈ Z and r ∈ N.
Note that
lim
q→1
F (h,r)q (t, x) =
(
2
d−1∑
a=0
χ(a)(−1)ae(a+x)t
edt + 1
)r
=
∞∑
n=0
E(r)n,χ(x)
tn
n!
.
When x = 0, E
(h,r)
n,χ,q = E
(h,r)
n,χ,q(0) are called the (h, q)−extension of generalized higher-order
Euler numbers attached to χ.
From(1.4), We note that
E(h,r)n,χ,q(x) =
n∑
l=0
(
n
l
)
qlxE
(h,r)
l,χ,q [x]
n−l
q
=
(
qxE(h,r)χ,q + [x]q
)n
,
(1.5)
with the usual convention about replacing
(
E
(h.r)
χ,q
)n
by E
(h.r)
n,χ,q.
In[13], Dirichlet-type multiple (h, q)− l− function is defined by Kim to be
l(h)q,r (s, x|χ) =
1
Γ(s)
∫ ∞
0
F (h,r)q,χ (−t, x)t
s−1dt
=[2]rq
∞∑
m1,···,mr=0
q
∑r
l=1(h−l+1)ml(
∏r
l=1 χ(ml))(−1)
∑r
l=1 ml
[m1 + · · ·+mr + x]sq
,
(1.6)
where s, h ∈ C and x ∈ R, with x 6= 0,−1,−2, · · ·.
By using Cauchy residue theorem, we get
l(h)q,r (−n, x|χ) = E
(h,r)
n,χ,q(x), n ∈ Z≥0. (1.7)
In this paper, we investigate the properties of symmetry in two variables related to Dirichlet-
type multiple (h, q)−function which interpolates the (h, q)−extension of generalized higher-
order Euler polynomials attached to χ at negative integers. From our investigation, we can
derive many interesting identities of symmetry in two variables related to (h, q)−extension
of generalized higher-order Euler polynomials and alternating generalized q−power sums.
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2. Identities for the (h, q)−extension of generalized higher-order Euler
polynomials
In this section, we assume that χ is a Dirichlet character with conductor d ∈ N with
d ≡ 1(mod2).
Let w1, w2, r ∈ N with w1 ≡ 1(mod2) and w2 ≡ 1(mod2) and h ∈ Z. First, we observe that
1
[2]rqw1
l
(h)
qw1 ,r
(
s, w2x+
w2
w1
r∑
l=1
jl|χ
)
=
∞∑
m1,···,mr=0
(−1)m1+···+mrqw1
∑
r
l=1(h−l+1)ml(
∏r
l=1 χ(ml))
[m1 + · · ·+mr + w2x+
w2
w1
(j1 + · · ·+ jr)]sqw1
=
∞∑
m1,···,mr=0
qw1
∑r
l=1
(h−l+1)ml(−1)
∑r
l=1
ml(
∏r
l=1 χ(ml))[w1]
s
q
[w2(j1 + · · ·+ jr) + w1w2x+ w1(m1 + · · ·+mr)]sq
= [w1]
s
q
∞∑
n1,···,nr=0
dw2−1∑
i1,···,ir=0
(−1)
∑r
l=1
(il+nl)qw1
∑r
l=1
(h−l+1)(il+nldb)(
∏r
l=1 χ(il))
[w1w2(x+ d
∑r
l=1 nl) + w2
∑r
l=1 jl + w1
∑r
l=1 il]
s
q
= [w1]
s
q
∞∑
n1,···,nr=0
w2d−1∑
i1,···,ir=0
(−1)
∑
r
l=1 (il+nl)qw1
∑
r
l=1 (h−l+1)(il+nlw2d)(
∏r
l=1 χ(il))
[w1w2(x+ d
∑r
l=1 nl) + w2
∑r
l=1 jl + w1
∑r
l=1 il]
s
q
.
(2.1)
Thus, by (2.1), we get
[w2]
s
q
[2]rqw1
dw1−1∑
i1,···,ir=0
(−1)
∑
r
l=1 jl
(
r∏
l=1
χ(jl)
)
qb
∑
r
l=1(h−l+1)jl l
(h)
qw1 ,r
(
s, w2x+
w2
w1
r∑
l=1
jl|χ
)
= [w1]
s
q[w2]
s
q
dw2−1∑
i1,···,ir=0
dw1−1∑
j1,···,jr=0
∞∑
n1,···,nr=0(
(−1)
∑r
l=1
(il+jl+nl)(
∏r
l=1 χ(jl))(
∏r
l=1 χ(il))q
w2
∑r
l=1
(h−l+1)jl+w1
∑r
l=1
(h−l+1)il
[w1w2(x + d
∑r
l=1 nl) + w2
∑r
l=1 jl + w1
∑r
l=1 il]
s
q
)
× qw1w2d
∑r
l=1
(h−l+1)nl .
(2.2)
By the same method as (2.2), we get
[w1]
s
q
[2]sqw2
dw2−1∑
j1,···,jr=0
(−1)
∑
r
l=1
jl
(
r∏
l=1
χ(jl)
)
qw1
∑
r
l=1
(h−l+1)jl l
(h)
qw2 ,r
(
s, w1x+
w1
w2
r∑
l=1
jl|χ
)
= [w1]
s
q[w2]
s
q
dw2−1∑
j1,···,jr=0
dw1−1∑
i1,···,ir=0
∞∑
n1,···,nr=0(
(−1)
∑
r
l=1(il+jl+nl)(
∏r
l=1 χ(jl))(
∏r
l=1 χ(il))q
w1
∑
r
l=1(h−l+1)jl+w2
∑
r
l=1(h−l+1)il
[w1w2(x+ d
∑r
l=1 nl) + w1
∑r
l=1 jl + w2
∑r
l=1 il]
s
q
)
× qw1w2d
∑r
l=1
(h−l+1)nl .
(2.3)
Therefore, by(2.2) and (2.3), we obtain the following Theorem.
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Theorem 2.1. For w1, w2 ∈ N with w1 ≡ 1(mod2) and w2 ≡ 1(mod2), we have
[2]rqw2 [w2]
s
q
w1d−1∑
j1,···,jr=0
(−1)
∑r
l=1
jl
(
r∏
l=1
χ(jl)
)
qw2
∑r
l=1
(h−l+1)jl l
(h)
qw1 ,r
(
s, w2x+
w2
w1
r∑
l=1
jl|χ
)
=[2]rqw1 [w1]
s
q
w2d−1∑
j1,···,jr=0
(−1)
∑
r
l=1 jl
(
r∏
l=1
χ(jl)
)
qw1
∑
r
l=1(h−l+1)jl l
(h)
qw2 ,r
(
s, w1x+
w1
w2
r∑
l=1
jl|χ
)
.
By(1.7) and Theorem 2.1, we obtain the following theorem.
Theorem 2.2. For n ∈ Z≥0 and w1, w2 ∈ N with w1 ≡ 1(mod2) and w2 ≡ 1(mod2), we have
[2]rqw2 [w1]
n
q
w1d−1∑
j1,···,jr=0
(−1)
∑
r
l=1
jl
(
r∏
l=1
χ(jl)
)
qw2
∑
r
l=1
(h−l+1)jlE
(h,r)
n,χ,qw1
(
w2x+
w2
w1
r∑
l=1
jl
)
=[2]rqw1 [w2]
n
q
w2d−1∑
j1,···,jr=0
(−1)
∑
r
l=1
jl
(
r∏
l=1
χ(jl)
)
qw1
∑
r
l=1
(h−l+1)jlE
(h,r)
n,χ,qw2
(
w1x+
w1
w2
r∑
l=1
jl
)
.
From(1.5), we note that
E(h,r)n,χ,q(x+ y) = (q
x+yE(h,r)χ,q + [x+ y]q)
n
= (qx+yE(h,r)χ,q + q
x[y]q + [x]q)
n
=
n∑
i=0
(
n
i
)
qxi(qyE(h,r)χ,q + [y]q)
i[x]n−iq
=
n∑
i=0
(
n
i
)
qxiE
(h,r)
i,χ,q (y)[x]
n−i
q .
(2.4)
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By(2.4), we get
dw1−1∑
j1,···,jr=0
(−1)
∑r
l=1
jlqw2
∑r
l=1
(h−l+1)jl
(
r∏
l=1
χ(jl)
)
E
(h,r)
n,χ,qw1
(
w2x+
w2
w1
r∑
l=1
jl
)
=
dw1−1∑
j1,···,jr=0
(−1)
∑r
l=1
jlqw2
∑r
l=1
(h−l+1)jl
(
r∏
l=1
χ(jl)
)
n∑
i=0
(
n
i
)
qiw2(j1+···+jr)
× E
(h,r)
i,χ,qw1 (w2x)
[
w2(j1 + · · ·+ jr)
w1
]n−i
qw1
=
dw1−1∑
j1,···,jr=0
(−1)
∑r
l=1
jlqw2
∑r
l=1
(h−l+1)jl
(
r∏
l=1
χ(jl)
)
n∑
i=0
(
n
i
)
q(n−i)w2
∑r
l=1
jl
× E
(h,r)
n−i,χ,qw1 (w2x)
[
w2
w1
r∑
l=1
jl
]i
qw1
=
n∑
i=0
(
n
i
)(
[w2]q
[w1]q
)i
E
(h,r)
n−i,χ,qw1 (w2x)
dw1−1∑
j1,···,jr=0
(−1)
∑r
l=1
jlqw2
∑r
l=1
(h−l+n−i+1)jl
×
(
r∏
l=1
χ(jl)
)
[j1 + · · ·+ jr]
i
qw2
=
n∑
i=0
(
n
i
)(
[w2]q
[w1]q
)i
E
(h,r)
n−i,χ,qw1 (w2x)S
(h,r)
n,i,qw2 (w1d|χ),
(2.5)
where
S
(h,r)
n,i,q (w|χ) =
w−1∑
j1,···,jr=0
(−1)
∑
r
l=1
jlq
∑
r
l=1
(h−l+n−i+1)jl [j1 + · · ·+ jr]
i
q
(
r∏
l=1
χ(jl)
)
. (2.6)
From (2.5), we have
[2]rqw2 [w1]
n
q
dw1−1∑
j1,···,jr=0
(−1)
∑
r
l=1 jlqw2
∑
r
l=1(h−l+1)jl
(
r∏
l=1
χ(jl)
)
× E
(h,r)
n,χ,qw1
(
w2x+
w2
w1
(j1 + · · ·+ jr)
)
=[2]rqw2
n∑
i=0
(
n
i
)
[w1]
n−i
q [w2]
i
qE
(h,r)
n−i,χ,qw1 (w2x)S
(h,r)
n,i,qw2 (w1d|χ).
(2.7)
By the same method as (2.7), we get
[2]rqw1 [w2]
n
q
dw2−1∑
j1,···,jr=0
(−1)
∑
r
l=1 jlqw1
∑
r
l=1(h−l+1)jl
(
r∏
l=1
χ(jl)
)
× E
(h,r)
n,χ,qw2
(
w1x+
w1
w2
r∑
l=1
jl
)
=[2]rqw1
n∑
i=0
(
n
i
)
[w2]
n−i
q [w1]
i
qE
(h,r)
n−i,χ,qw2 (w1x)S
(h,r)
n,i,qw1 (w2d|χ).
(2.8)
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Therefore, by (2.7) and (2.8), we obtain the following theorem.
Theorem 2.3. For n ∈ Z≥0 and w1, w2 ∈ N, with w1 ≡ 1(mod2) and w2 ≡ 1(mod2), we
have
[2]rqw2
n∑
i=0
(
n
i
)
[w1]
n−i
q [w2]
i
qE
(h,r)
n−i,χ,qw1 (w2x)S
(h,r)
n,i,qw2 (w1d|χ)
=[2]rqw1
n∑
i=0
(
n
i
)
[w2]
n−i
q [w1]
i
qE
(h,r)
n−i,χ,qw2 (w1x)S
(h,r)
n,i,qw1 (w2d|χ).
Now, we observe that
e[x]qu
∞∑
m1,···,mr=0
q
∑r
l=1(h−l+1)ml(−1)
∑r
l=1 ml
(
r∏
l=1
χ(ml)
)
e[y+
∑r
l=1 ml]qq
x(u+v)
=e−[x]qu
∞∑
m1,···,mr=0
q
∑
r
l=1(h−l+1)ml(−1)
∑
r
l=1 ml
(
r∏
l=1
χ(ml)
)
e[x+y+
∑
r
l=1 ml]q(u+v).
(2.9)
The left hand side of (2.9) multiplied by [2]rq is given by
[2]rqe
[x]qu
∞∑
m1,···,mr=0
q
∑r
l=1
(h−l+1)ml(−1)
∑r
l=1
mle[y+
∑r
l=1
ml]qq
x(u+v)
(
r∏
l=1
χ(ml)
)
=e[x]qu
∞∑
n=0
qnxE(h,r)n,χ,q(y)
(u+ v)n
n!
=
(
∞∑
l=0
[x]lq
ul
l!
)(
∞∑
k=0
∞∑
n=0
q(k+n)xE
(h,r)
k+n,χ,q(y)
uk
k!
vn
n!
)
=
∞∑
m=0
∞∑
n=0
(
m∑
k=0
(
m
k
)
q(k+n)xE
(h,r)
k+n,χ,q(y)[x]
m−k
q
)
um
m!
vn
n!
.
(2.10)
The right hand side of (2.9) multiplied by [2]rq is given by
[2]rqe
−[x]qv
∞∑
m1,···,mr=0
(−1)
∑r
l=1
mlq
∑r
l=1
(h−l+1)ml
(
r∏
l=1
χ(ml)
)
e[x+
∑r
l=1
ml]q(u+v)
=e−[x]qv
∞∑
n=0
E(h,r)n,χ,q(x+ y)
(u+ v)n
n!
=
(
∞∑
l=0
(−[x]q)
l
l!
vl
)(
∞∑
m=0
∞∑
k=0
E
(h,r)
m+k,χ,q(x+ y)
um
m!
vk
k!
)
=
∞∑
n=0
∞∑
m=0
(
n∑
k=0
(
n
k
)
E
(h,r)
m+k,χ,q(x+ y)(−[x]q)
n−k
)
um
m!
vn
n!
=
∞∑
n=0
∞∑
m=0
(
n∑
k=0
(
n
k
)
E
(h,r)
m+k,χ,q(x+ y)q
(n−k)x[−x]n−kq
)
um
m!
vn
n!
.
(2.11)
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Therefore, by(2.10) and (2.11), we obtain the following theorem.
Theorem 2.4. For m,n ≥ 0, we have
m∑
k=0
(
m
k
)
qkxE
(h,r)
n+k,χ,q(y)[x]q
m−k
=
n∑
k=0
(
n
k
)
q−kxE
(h,r)
m+k,χ,q(x + y)[−x]
n−k
q .
References
1. S. Araci, M. Acikgoz, E. Sen, On the extended Kim’s p−adic q−deformed fermionic integrals in the
p−adic integer ring, J. Number Theory 133 (2013), no. 10, 3348-3361.
2. S. Araci, J. Seo, D. Erdal, New construction weighted (h, q)−Genocchi numbers and polynomials related
to zeta type functions, Discrete Dyn. Nat. Soc. 2011, Art. ID 487490, 7 pp.
3. I. N. Cangul, H. Ozden, Y. Simsek, Generating functions of the (h, q)−extension of twisted Euler poly-
nomials and numbers, Acta Math. Hungar. 120 (2008), no. 3, 281-299.
4. M. Cenkci, The p−adic generalized twisted (h, q)−Euler-l-function and its applications, Adv. Stud. Con-
temp. Math. 15 (2007), no. 1, 37-47.
5. K. W. Hwang, D. V. Dolgy, D. S. Kim, T. Kim, S. H. Lee, Some theorems on Bernoulli and Euler
numbers, Ars Combin. 109 (2013), 285-297.
6. D. Kim, Identities of symmetry for generalized Euler polynomials, Int. J. Comb. 2011, Art. ID 432738,
12 pp.
7. D. S. Kim, N. Lee, J. Na, K. H. Park, Identities of symmetry for higher-order Euler polynomials in three
variables (II), J. Math. Anal. Appl. 379 (2011), no. 1, 388-400.
8. D. S. Kim, Symmetry identities for generalized twisted Euler polynomials twisted by unramified roots of
unity, Proc. Jangjeon Math. Soc. 15 (2012), no. 3, 303-316.
9. T. Kim, An identity of symmetry for the generalized Euler polynomials, J. Comput. Anal. Appl. 13
(2011), no. 7, 1292-1296.
10. T. Kim, Symmetry p−adic invariant integral on Zp for Bernoulli and Euler polynomials, J. Difference
Equ. Appl. 14 (2008), no. 12, 1267-1277.
11. T. Kim, On p−adic interpolating function for q−Euler numbers and its derivatives, J. Math. Anal.
Appl. 339 (2008), no. 1, 598-608.
12. T. Kim, q−Euler numbers and polynomials associated with p−adic q−integrals, J. Nonlinear Math.
Phys. 14 (2007), no. 1, 15-27.
13. T. Kim, New approach to q−Euler polynomials of higher order, Russ. J. Math. Phys. 17 (2010), no. 2,
218-225.
14. V. Kurt, Some symmetry identities for the Apostol-type polynomials related to multiple alternating
sums, Adv. Difference Equ. 2013, 2013:32, 8 pp.
15. B. Kurt, Some formulas for the multiple twisted (h, q)−Euler polynomials and numbers, Appl. Math.
Sci. (Ruse) 5 (2011), no. 25-28, 1263-1270.
16. H. Ozden, Y. Simsek, A new extension of q−Euler numbers and polynomials related to their interpolation
functions, Appl. Math. Lett. 21 (2008), no. 9, 934-939.
17. H. Ozden, I. N. Cangul, Y. Simsek, Remarks on sum of products of (h, q)−twisted Euler polynomials
and numbers. J. Inequal. Appl. 2008, Art. ID 816129, 8 pp.
18. S. H. Rim, J. Jeong, On the modified q−Euler numbers of higher order with weight, Adv. Stud. Contemp.
Math. 22 (2012), no. 1, 93-98.
19. Y. Simsek, Complete sum of products of (h, q)−extension of Euler polynomials and numbers. J. Differ-
ence Equ. Appl. 16 (2010), no. 11, 1331-1348.
20. Y. Simsek, Twisted p−adic (h, q)− L−functions, Comput. Math. Appl. 59 (2010), no. 6, 2097-2110.
21. Y. Simsek, Interpolation functions of the Eulerian type polynomials and numbers, Adv. Stud. Contemp.
Math. 23 (2013), no. 2, 301-307.
8 D. V. Dolgy, D. S. Kim, T. G. Kim, J. J. Seo
1, Institute of Mathematics and Computer Sciences, Far Eastern Federal University, Vladi-
vostok, 690060, Russia
E-mail address: d
−
dol@mail.ru
2, Department of Mathematics, Sogang University, Seoul 121-742, Republic of Korea
E-mail address: dskim@sogang.ac.kr
3, Jangjeon Research Institute for Mathematics and Physics, Hapcheon, Gyoungnam, 678-800,
Republic of Korea
E-mail address: tgkim2013@hotmail.com
4, Department of Applied Mathematics, Pukyong National University, Busan 608-737, Republic
of Korea
E-mail address: seo2011@pknu.ac.kr
